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The G/G/∞ queue

i.i.d. interarrival times U1 , U2 , . . . with density function f (x).
i.i.d. service times V1 , V2 , . . . with density function g(x), cdf
G(x), complementary cdf G(x) = 1 − G(x).
Infinitely many servers: upon arrival service starts
immediately.
Finite means with rates λ and µ, resp.
Light-tailed or heavy-tailed.

The rare event

Scale interarrivals by n: U1 /n, U2 /n, . . ..
Let Qn (s) be the number of occupied servers at time s in
the n-th system (s ≥ 0, n = 1, 2, . . .).
Always Qn (0) = 0.
First passage times Tn (j) = inf{s ≥ 0 : Qn (s) = j}.
Target probability
`n = P(Tn (nx) ≤ t)
for some specified (fixed) time horizon t > 0 and large
overflow level nx.

Typical sample paths don’t reach the rare event

Data: λ = 1, µ = 0.2, x = 6, t = 10, n = 10.

Large deviations

Theorem
limn→∞ 1n log `n = −J(t, x).
Here, J(t, x) is the Legendre-Fenchel transform of the limiting
cumulant generating function at time t:
J(t, x) = sup (θx − ψQ (θ, t)) ,
θ∈R

ψQ (θ, t) = lim

n→∞
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Proof.
From Glynn (1995): large deviations for tail probabilities, i.e., for
any s > 0
1
lim log P(Qn (s)/n ≥ x) = −J(s, x).
n→∞ n
Show that J(s, x) is decreasing in s, and apply the principle of
the largest term:

lim

n→∞

1
1
log `n = lim log P(Tn (nx) ≤ t)
n→∞
n
n


[
1
= lim log P  {Qn (s) ≥ nx}
n→∞ n
s≤t

= − inf J(s, x) = −J(t, x).
s≤t

Logarithmically efficient estimator

Target `n = P(An ), where `n → 0 exponentially fast as n → ∞.
Suppose Yn is an unbiased estimator, E[Yn ] = `n .

Definition
Estimator is logarithmically efficient if
lim

n→∞

log E[Yn2 ]
= 2.
log E[Yn ]

(1)

Importance sampling algorithms

We have considered several ideas.
1. The optimal path approach:
First apply large deviations to the M/M/∞-model (Shwartz
and Weiss 1995); identify the optimal path; change of
measure so that is becomes the most likely path; adapt to
deal with the general G/G/∞.
2. Consider the algorithm for tail probabilities P(Qn (t)/n ≥ x) for
fixed t given in Szechtman and Glynn (2002); adapt to deal
with first passage times.
3. An algorithm based on the cross-entropy method.

Comparison of the associated estimators

We consider three performance measures for estimators.
RHW: relative half width of 95% confidence interval.
RAT: estimated ratio (1).
EFF: − log(Variance estimator × used computer time).
Better performance when RHW is smaller, RAT is higher and
EFF is larger.

1. The optimal path approach
Consider the M/M/∞ model.
Under the change of measure the interarrival times and the
service times have exponentially tilted densities with
time-dependent tilting parameters that are all updated after
each arrival or departure:
f α (u) = exp (αu − ψU (α)) f (u)
gβ (v) = exp (βv − ψV (β)) g(v).

(2)

The tilting parameters α, β at time s are determined by
ψU0 (α) = e−θ(s) /λ;

ψV0 (β) = eθ(s) /µ,

with θ : [0, t] → R≥0 the tilting function obtained from the optimal
path. In the simulation θ(s) is applied at jump times s.

Discussion

We can show that it results in a logarithmically efficient
importance sampling estimator for the M/M/∞ problem.
Easy to implement for memoryless distributions.
Otherwise (the general G/G/∞ model): apply (2) only at arrival
epochs for the arriving customer.
This is algorithm 1.
From experiments we found poor results when the service-time
distribution is more variable than the exponential.
Not possible for heavy-tailed distributions.

All and only
Comparison of the performance of the original IS estimator for
M/M/∞ with updating of all ongoing times after each event
(‘algorithm 0’), and its adapted counterpart associated with
algorithm 1.
Averages of 5 repetitions with different seeds.

2. Adaptation of Szechtman-Glynn algorithm

The Szechtman-Glynn algorithm is a logarithmically efficient
importance sampling algorithm for P(Qn (t)/n ≥ x) with t fixed.
It is based on the same ideas as for the classical tail-problem
P(Sn /n ≥ a) of partial sums of i.i.d. increments.
It simulates a change of measure that approximates

∗
Pθ (dω) = P(dω) exp n θ∗ Qn (t)/n − ψQ (θ∗ ) ,
where θ∗ > 0 solves ψQ0 (θ) = x.

Work out ψQ0 (θ) = x to obtain
Z

t

α(s)p(s) ds = x.
0

α(s) is the arrival rate at time s and p(s) is the probability the an
arrival at time s is still present at time t.
α(s) and p(s) can be calculated numerically and implemented in
an importance sampling algorithm.

Adapted Szechtman-Glynn algorithm for first passage
times

Why adapt?
Answer: it may happen that Qn (t) < nx, but possibly the process
has reached nx before t.
Interarrival times are exponentially tilted versions (see (2)) with
tilting parameter α(s).
Arriving customer receives service from a distribution G∗ (v)
such that P(V ∗ > t − s) = G∗ (t − s) = p(s).
This is algorithm 2.

Discussion

From experiments we found that the performance of (the
estimator associated with) algorithm 2 is better than the
performance of algorithm 1 when the distributions become
more variable than the exponential, and otherwise it is worse.
Applicable for heavy-tailed distributions (both arrivals and
services).

Illustration of simulated sample paths
Importance sampling algorithms 1 and 2 for M/M/∞.

Data: λ = 1, µ = 0.2, x = 6, t = 10, n = 10.
Average of 10 sample paths.
Left: algorithm 1. Right: algorithm 2.

3. Cross-entropy

A. For light tails.
Partition [0, t] into M subintervals of equal size.
In the m-th subinterval, apply (2) at arrival epochs for the
arriving customer, with tilting parameters αm , βm , i.e.,
f αm (u) = exp (αm u − ψU (αm )) f (u)
gβm (v) = exp (βm v − ψV (βm )) g(v).
Use the cross-entropy method for finding ‘optimal’ tilting
parameters.

B. For heavy tails.
Same approach, however, in the m-th subinterval take the
importance sampling densities from the same parameterised
families as the original densities.
Example: suppose the service time V is Pareto with form
parameter κ > 0 and scale parameter γ > 0.
Then we take as importance sampling density on the m-th
subinterval a Pareto density with form parameter κm and scale
parameter γm .
Let the cross-entropy method find ‘optimal’ parameters.

Experiments
Data: λ = 1, µ = 0.2, x = 6, t = 10.
1. M/M/∞.
Scaling n = 50:50:200, with `200 ≈ 5.4e-027.
Sample size k = 50000.
In cross entropy: at most 5 iterations of 7000 samples.
2. M/Cox2 /∞, with c2 [V] = 4.
Scaling n = 10:10:50, with `50 ≈ 1.7e-028.
Sample size k = 50000.
In cross entropy: at most 20 iterations of 7000 samples.
NB, Coxian distribution with two phases:
V = Exp(µ1 ) + B · Exp(µ2 ),
with B a Bernoulli(b) rv. Parameters µ1 , µ2 , b via two moment fit
with gamma normalisation.

3. Hyp2 /M/∞, with c2 [U] = 5.
Scaling n = 100:100:500, with `500 ≈ 1.0e-017.
Sample size k = 50000.
In cross entropy: at most 15 iterations of 7000 samples.
4. Hyp2 /Par/∞, with c2 [U] = 5 and Var[V] = ∞.
Scaling n = 20:10:60, with `60 ≈ 7.9e-016.
Sample size k = 50000.
In cross entropy: at most 10 iterations of 5000 samples.
NB, Hyperexponential distribution with two phases:
U = B · Exp(µ1 ) + (1 − B) · Exp(µ2 ),
with B a Bernoulli(b) rv. Parameters µ1 , µ2 , b via two moment fit
with balanced means.

Results M/M/∞ (top) M/Cox2 /∞ (bottom)
Averages of 5 repetitions with different seeds.

Results Hyp2 /M/∞ (top) Hyp2 /Par/∞ (bottom)

Conclusion

Rare event simulation in G/G/∞ model.
First passage time probabilities.
Three importance sampling algorithms.
Cross-entropy best algorithm in general but in specific
cases might be second best.
Further research: prove logarithmic efficiency of algorithms
2 and/or 3 in the general case.
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